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We analyse the massless wave equation on a class of two dimensional manifolds consisting of 
an arbitrary number of topological cylinders connected to one or more topological spheres. 
Such manifolds are endowed with a degenerate (non-globally hyperbolic) metric. Attention is 
drawn to the topological constraints on solutions describing monochromatic modes on both 
compact and non-compact manifolds. Energy and momentum currents are constructed and 
a new global sum rule discussed. The results offer a rigorous background for the formulation 
of a field theory of topologically induced particle production. 
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1. Introduction 

It is well known that the global structure of a manifold is fundamental in constructing regular 
solutions to tensor equations. Furthermore field quantisation is sensitive to the topology 
of the underlying base space [1], [2], [3]. However little attention has been given to the 
elucidation of classical solutions of field equations on manifolds with degenerate geometries 
that can accommodate non-trivial topology change in general relativity. Such solutions arise 
from equations that are not globally hyperbolic. 

Some of the earliest mathematical work on the study of partial differential equations that 
change from being hyperbolic to elliptic was done by Tricomi [4]. This early treatise involved 
considerable technicalities that have not been extensively pursued in the mathematical liter- 
ature. Even in two dimensions the analysis of second order partial differential equations with 
indefinite characteristics is often non-trivial and the general theory using modern techniques 
has only recently been considered in topologically trivial manifolds. [5], [6], [7]. Such tech- 
niques are relevant for the general study of (non-linear) equations that can arise on manifolds 
with a degenerate geometry but need to be supplemented by further data to provide well 
posed or interesting problems. 

Kundt first [8] discussed the non-existence of certain topologically non-trivial spacetimes 
assuming that every geodesic is complete. Geroch [9] exploited the notion of global hyper- 
bolicity to reach a similar conclusion. 

In this paper we consider two dimensional manifolds with smooth (degenerate) metrics. 
For the applications that we have in mind we require the existence of asymptotically flat 
Lorentzian domains foliated by compact space-like hypersurfaces. 
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A non-trivial two dimensional example is the trouser space. It may be realized as a pair of 
trousers embedded in a Minkowskian spacetime of 3 dimensions such that spacelike circles, 
disconnected at some time, become connected at another. Such a manifold cannot sustain a 
global metric with a Lorentzian signature. The domain where the metric becomes degenerate 
depends on the embedding but cannot be eliminated. 

One of the fundamental issues that arises in describing fields on such manifolds is the de- 
pendence of the field equation on the regularity of the metric tensor field. We adopt a 
pragmatic approach in this paper and impose natural conditions that enable us to construct 
non-singular scalar fields that are globally C 1 in the presence of a degenerate C°° metric 
field. 

An example of a two-dimensional trouser-type manifold with a metric that is singular at a 
single point may be found in [10]. In our approach we consider manifolds endowed with a 
smooth everywhere regular covariant metric tensor that is however degenerate. Such mani- 
folds are therefore not causally connected [11], [12], [13]. 

Since the trousers embedding is only for ease of visualisation one may equivalently consider 
two (or more) cylinders surgically attached to a punctured 2-sphere. It is then possible with 
the aid of smooth bump functions to endow such a topological space with a metric that 
has Euclidean signature on the punctured sphere and has Lorentzian signature on a domain 
of the cylinders. The transition between Euclidean and Lorentzian signature is handled 
smoothly by the bump functions. 

We describe below regular global solutions to the massless scalar field equation 



d-kdil) = 



(1) 
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on some interesting spaces modeled on the above. Here d denotes the exterior derivative, * 
the Hodge map and ip a complex scalar field. Since the punctured sphere is conformally flat 
one may use stereographic projections as charts to map (the real part of) suitable complex 
analytic functions that solve (1) on the punctured 2-plane, to the punctured sphere. Since 
one can also solve (1) on the Lorentzian cylinders it is possible to match them across the 
degeneracy curves to construct a global solution. 

2. Differential Structure 

We first establish an atlas to describe a 2-dimensional manifold, an example of which may be 
visualised as the embedding sketched in Figure 1. We shall then endow this manifold with 
a C°° metric that has Euclidean signature where the cylinders are connected to the sphere 
and Lorentzian signature elsewhere. 

The manifold M is constructed by first removing n non-intersecting caps {Cap Q } a= i... n 
from a topological sphere S* 2 . Let S = S 2 — \J a Cap a . Then from a set of n cylinders, 
{ cylinder a } a =i...n, smoothly attach each cylinder onto each of the holes made by removing 
the caps successively. 

For each a construct the coordinate chart (\J a ,<P a ) where 

U Q = M — {all the cylinders except cylinder a} 
= S U cylinder" 

and 

<2>« : XJ a — > R 2 (r, 0) 

where < < 2tt and — oo < r < ir , ( see Figure 2 ). For (r, 0) G <P a (S) we adopt the 
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standard S 2 metric for a sphere of radius R\: 

g a \s = R 2 (dr ®dr + sin 2 (r)d0 <g> d(fj . (2) 

For each cap let r s be the angle subtended between the edge of the cap, the center of the 
sphere, and the center of the cap s a G S 2 . For r > r s , (r, 0) G $ a (S) are standard spherical 
coordinates. Thus <P a (XJ a ) has holes in it corresponding to the other cylinders, but all the 
holes are in the region $ a (S) . When it is necessary to distinguish coordinates belonging to 
charts adapted to different cylinders we shall append a chart label as a superscript to the 
corresponding coordinates. A change of coordinates from (r a ,0^) G <P a (S) to (t 5 ,^) G 
^(S) corresponds to an SO (3) isometry of this metric. (This will be exploited with the aid 
of Mobius transformations below). 

For each a, choose a value of r M such that r M < r s . Define the region M Q as follows: 

<P a (M a ) = {(r, 0) : -oo < r < r M , < < 2tt} (3) 

On region M Q we adopt the standard flat Lorentzian metric for a cylinder of radius R2 given 
by 

g a \ M a = -dr dr + R^dcpiS) d(p (4) 

Although Jj: is directed towards the Euclidean region for each ct we are free to choose an 
independent time-orientation for each Lorentzian domain. With this in mind we are free 
to label cylinders as either incoming or outgoing. We now smoothly connect the metric in 
regions S and M Q with the aid of bump functions. Consider the function Bp: R — > R with 
Bp G C°° and Bp(x) = 0,x < and Bp(x) — \,x > 1 with Bp increasing. There are 
standard techniques for constructing such a function [14]. Introduce 

/(r) = (R 2 + 1) Bp f I^l) - 1 (5) 
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so that /(r) = —1 for r < r M and /(r) = i?] 2 for r > r s . 

Define r s with r M < t s < r s so that /(r s ) = and hence /(r) < for r < r s and /(r) > 1 
for r > t s . 

Further define 

Mr) = (itf sin 2 (r) - R 2 2 ) Bp f^V) + R 2 2 (6) 

\ r S- r M/ 

so that in the region U a the metric is given by: 

g a = f(T)dT®dT + h(r)d(t)®d(t). (7) 

Such a metric smoothly interpolates between Lorentzian and Euclidean regions. Typical 
metric components are sketched in Figure 3. 

We have adopted a metric with an axial Killing symmetry in order to expedite our discussion 
of (angular) momentum conservation below. 

It is convenient to introduce the regions E Q , L Q and the rings U a defined in the table 
below. 





<p a (M a ) 


<P a (L a ) 


<P a (E a ) 


<p a {E a ) 


^> Q (S) 


T 


-oo < t < r M 


r M < t < r s 




r s < t < r s 


T s < T < 7Y 





< <p < 2tt 


< < 2tt 


< (j) < 2tt 


< <p < 2tt 


< <f) < 2tt 


f(r) 


fir) = -1 


f(r) < 


m = o 


f(r) > 


/(r) = i?! 2 


h(r) 


h(r) = R 2 2 


h(r) > 


h(r) > 


/i(r) > 


/i(r) = ^sin^r) 


9 


Flat Lorentzian 


Lorentzian 


Degenerate 


Euclidean 


Euclidean - Spherical 



so U a = S U E a U L a U M a . Note: The constants r s , r s , r M , i? 2 and the functions /(r), /i(r) 
may be different for each cylinder a and will be written t£, t®, r^, / Q ( r )) ^ q (t) respec- 
tively, when we wish to distinguish them. 
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It is worth noting that metrics of this type can readily be found that give rise to bounded 

curvature scalars where the signature changes. For example if /(r s + t) — ait + a^t 3 + • • • 

and /i(r s +t) = &o + &3^ 3 + b^t 4 H in the vicinity of r = r s + 1 then the magnitude of the 

9&3 

curvature scalar is - — — at r = r s , where the metric becomes degenerate. 
3. Matching Conditions 

We wish to construct functions tp: M 1— > C from solutions to the equation (1). Since the 
Hodge map is singular where the metric tensor is degenerate we restrict to solutions that are 
C 1 across the rings E a . By deriving (1) as a local extremum of the action 

A = [ dip A Mhp (8) 

one recognises a hyperbolic wave equation in regions \J a M a U L a with Lorentzian signature 
and an elliptic (Laplace) Equation in the Euclidean region \J a S U M a . The closure of these 
regions intersect on the 1 dimensional rings E a . We assume that solutions to these local 
equations are continuous at these rings: 

[iflza =0 Va (9) 

where, for any ring £, [uj]e represents the discontinuity 

— hm oj x — lim uj x . (10) 

By demanding that the contributions to the variations of the action cancel on E a one derives 
[15] the natural junction conditions 

[^ a **(#)] r a = 0. (11) 

Such conditions also arises naturally in a distributional description [15] . It is the purpose 
of this paper to find C 1 regular solutions on M that satisfy (1), (9) and (11). 



4. Mapping the Euclidean Domain into the Complex Plane 

Since the manifold is two dimensional and (1) is conformally covariant under scalings of the 
Euclidean metric it is natural to use the complex plane. However although one may map 
most of a sphere to the complex plane using the canonical stereographic mapping, we note 
that the entire Euclidean region M E of our problem comprises the compact set 



M E = S U (U E Q U C M , 



It is useful therefore to first consider an injection of the Euclidean region into the sphere 

V : M E h-> S 2 

given by 

V\ s ■ S i-> S 2 is the identity (12) 

and 

V\ E a :E a ^S 2 

(# = 2arctan( ^-J , = j 

where (9, 0) are the usual spherical coordinates for S* 2 about the point s a labeling the centre 
of cylinder a. 

The pair (r, 0) denote the coordinates of the chart (U a ,$ a ) restricted to the Euclidean 
region and 



G(t) 



r 


f(r') 




h{T>) 



dr', p = 2Ri tan(^) e" G(rs) (14) 



The constant p and the function G{r) may be different for each cylinder a and will be written 
p a , G a (r) respectively when we wish to distinguish them. 

The definition (13) of V^a extends naturally to "P|e«uS an d agrees with V\s of definition 
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(12) : for (r,0) G <P a (S) 

2#i tan(f ) = pe G(r) 

= 2 J Ritan(f ) e G(r)-G(r s ) 

= 2i2i tan(^)exp( / T — ^dr) 
2 \Jt s sm(r') / 

= 2#i tan(^) exp (log(tan(§)) - log(tan(^))) 
= 2i2itan(§). 



We may now map the entire Euclidean domain M into Coo = CU {oo}, the one point 

compactified complex plane with an S* 2 topology. Recall that for each a, s a G S 2 is the 

center of the Cap Q (removed in the construction of the manifold M). Denote by G 

S 2 the point antipodal to s a . For each cylinder a there exists a stereographic projection 

p° : S 2 - {s™} ^ C such that ]P{s a ) = G C . We extend this to 

p° : ^ Coo 

: (0,0) ^2 J Rie^tan(f) 

: s~ ^ oo 

We now combine these maps 

p a : M E i— > Coo 

to construct the required projection of M into Coo- If x G S U E a = M fl U Q then in the 
(r, 0) chart we have <P a (x) = (r, 0) with p a (x) = pe G ^ +lc ^. Examples of the maps p a , pf 1 
and V are sketched in Figure 4- 

Since pV* -1 : p^(M E ) ^ p a (M E ) is the same as p^jP- 1 : Coo ^ Coo where both are 
defined we have a mapping between two different projections of a sphere. Such a mapping 
may be represented by a special Mobius Transformation representing an SO (3) rotation of 



- 10- 



the sphere: 



(a/3) 



where {a\ 



(a/3) (a/3) (a/3) 



i a 2 -> a 3 



\ 



nr> , / 1 (a/3) \ iJ a ® 

-2R\ tan(^a 2 ) + ze ta i 



1 + 



tan(lgjfV^ 
2Ri 



(15) 



2Rx tan(i4 a/3) )e- ia i a/3> = $*( Sf} ) and - 2R X ttm{±a% p, )e ia ^' = f(s a ) 



The parameters {af*^, af*^, a^®} represent the Euler angles of the 5*0(3) rotation. In terms 
of the coordinates on the sphere, the pair (af*^, —af®) denote the (0, <fi) coordinates of the 
point sp with respect to the spherical coordinate system about s a . Similarly (— af*^, af*^) 
are the (0, 0) coordinates of s a with respect to the spherical coordinate system about sp. 
By looking at the inverse of ffpl 3 ' 1 we note that df® = — af°^ , d^® = af^ , and d%® = 
— . Since we are free to choose the origin of the coordinate for each a we may use 



this freedom to make some of the df®, d%® to vanish, (a^ is fixed by the location of holes 

(12) 

on the manifold.) For example if there are just two cylinders we may choose a\ = and 
a^ 12 -* = by the choice of the origins of (pi 1 ) and (pi 2 ). For a third cylinder, we may take 



(af3) 



,(13) 



by the choice of origin of (p^\ but \ must now be calculated using 



pi 2 ) pi 3 ) 1 = (pi^pi 1 ) !) o (pi 1 )^ 2 ) !) and in general this will be non zero. 



5. Construction of Global Solutions 



Theorem (1.1) 

Given the analytic functions ip± : p a (M E ) i— > C and a set of constants A s , B s G C for each 
cylinder 5 satisfying J2s A s — , then ip\ M E : M E i— > C is a solution to (1) given by 



iP\ ME (x)=^(p a (x))+^(p«(x))+ J2 A d \og\p a (x)-F(s s )\ + B a . m 
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The sum X^/sg nere is over & U ca P s ^ excluding the cap whose centre is s£°, should it exist. 
(This is because if s$ = then log \p a (x) — jP(sg)\ = log \p a (x) — ^(s^ )! = log(oo). ) 

Theorem (1.2) 

Given periodic functions ^^ a : S 1 i— > C then in the Lorentzian region of the cylinder a, a 
solution V ; Il q uM q : L a U M a i — > C is given in the chart $ a (x) = (r, (f>) by 

^a uM a(x) = (0 + G a (r)) + tf?> (0 - G a (r)) - A a G a (r) + A a log(p Q ) + B a . (17) 

Theorem (1.3) 

If -0",-?/>± a satisfy the conditions 



(18) 



^«(0) = i(i - i)(^(pe i<f> ) + #2(pe^)) 

where 

i)% : p a (E a U£ a )^C 
fe(z)=,l> ± (z)+ E A s log\z-p?(s 5 )\ \/zep a (E a US a ) (19) 

S S ^S a ,S a 

then i>\\]a satisfies the conditions (9) and (11). The sum I] S(5 ^ SQ]S g= here is over all caps 5 
excluding the cap a but also excluding the cap whose centrex is s£°, should it exist. 

Theorem (1.4) 

Any solution to (1), (9) and (11) can be written in this form. 
Theorem (1.5) 

Under change of coordinates <P a to <f>® 



$i o pP = ^ o p a 



(20) 



B P = B a + £ A * l0 § l^fo) -f(*f) I + AP °° log \r{sf) I + A 13 ™ log \pP{s a ) -pP(s™) | . 
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The sum J^sg^s^^ nere is over an ca P s ^ excluding the caps whose centres are either 
or s^ 3 should they exist. In the case when is the centrex of a cap (say is s$) let A@ 
be the corresponding constant A 5 . 

Proof of Theorem (1.1) 

If s£j° G p Q (M E ) then since J2s A s — 0, V'Ime * s a wen defined function. Also since M E is 
compact, so is p Q (M E ), hence ip±(p a (M~ E )) is closed and bounded. Thus ip : M i— > C is non 
singular. In the Euclidean region let <5 a (x) = (r, 0) where x G M E n U a = SlJE a . Then 
p a (x) = pe^+Gir). It is straightforward to verify that this satisfies (1) in M E n U Q . | 

Proof of Theorem (1.2) 
Trivial. ■ 

Proof of Theorem (1.3) 

For this part of the proof we drop the a and write ip± — ip± , vp± a = ip± , p a = p, 
G a (r) = G(t) . In the Euclidean region let $ a (x) = (r, 0) where x G M E n U Q = S U E a . 
Then 

VliifEnU«(*) =^+(pe^ +G W) + ^-(pe^r)) + £ ^ log | pe ^+G(r) _£"( aj )| + S « . 
Putting r = r s , since G(r s ) = 0, the continuity condition (9) is satisfied. 

We next pull back this Euclidean solution to E a . Since p a (E a U £ a ) is an annulus about 
G C, log(z — ^"(sj)) is a well defined function for all 5 ^ a. Thus ^± is well defined and 

^\ E a(x) = 4>+(pe icl,+G ^) + A a G(r) + A Q log(p) + B a . 

The Hodge dulls are 

*dr = d(p and * d(f> = —G'(T)dT 
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hence 

*#±(pe^ +G(r) ) = $±(pe^ +G{T) )pe^ +G ( r X-iG'(T)dT + #) (21) 



^**#| E «uS« = pe^(pe^) + pe-WjLipeW) + A a ) d<f> . 



Next consider the solution in the Lorentzian region x G L Q UM a . The Hodge duals here are 

•kdr = — d<p and * d<p = —G'(r)dT 

&'{T) 

hence 

*#Il«uM« = *#+ (0 + G ( r )) + - C(r)) - A Q ★ dG(r) 



i(l + i) * d (pe^+ G «)) - ( pe ^(0+G(r))) 
+ J(l - i) * d (pe^- G ( T ») + (pe^^-GM))) + A c 
1(1 + - ? G"(r)dr)e l ^+ G M)v;V (pe* (0+G(r)) ) 



- + + i G'(r)dr)e- i ^ +G ^f + (pe^+ G M)) 

+ i(l - i)p(id(f) - tG'(T)dr)e^- G ^^' + (pe i{ *- G W) 



+ - i)p(-id<j) + iG'i^d^e-^ ^^ (peM- G (r))) + A a d<p 

E* * #Il«uM« = |(1 + d(p pe^ft + (pe i(t> ) - + i)i # pe~^ (pe^) 

i(l - i)i d0 pe i(t> $' + (pe^) + i(l - d<f) pe-^fL (pe^) + A a d<P . 



+ 

Hence 



so 



the condition on the first derivatives (11) is satisfied. | 



In order to prove Theorem (1.4) we need the following lemmas: 
Lemma (1.4.1) 

Let D C Coo be a closed pathwise connected subset and tp: D i— > R a solution of Laplace's 
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equation d*dip = 0, where C has the standard IR 2 Euclidean metric. Each hole in D is a 
connected open subset C a , so that {J a C a = Coo — D is a disjoint union. For each hole C a 
choose a a G C Q . Then there exists an analytic function /: D i— > C and constants A Q G H. 
such that we can write 

iP(z) = Re(f(z)) + ^ A a \og(\z - a a \) . 

a 

Proof of Lemma (1.4.1) 

If D were simply connected then writing z = x + iy and f(x + iy) = ip(x + iy) + iip(x + iy) 
the Cauchy Riemann equations imply 

dip dtp dip dip 

dx dy dy dx 

Given ip we can use these to determine ip up to a constant. 

Since D is not simply conected, ip need not be single valued but can at worst be a function 
of the winding numbers n a G Z around each hole C a . Suppose (p increase by 2rm a A a as 
it winds round C a once. By subtracting A a log(z — a a ) from f(z) we are left with a single 
valued function in a neighbourhood of the hole a. Hence 

f( z ) = f( z ) i°g(* - a °) = 1>(*) + Mz) - E ^ Q iog(« - « a ) 

a a 

is now single valued. Taking the real part we prove the lemma. | 
Lemma (1.4.2) 

5 

Proof of Lemma (1.4.2) 

If oo ^ D C Coo, then oo G Coo — D and oo G C" 5 for one of the 5. By considering the 



- 15 - 

variation of y? along a contour r just inside C — C 5 , so that r encloses all the other holes 
{C a } a7 ^s w e see that E a ^S^ a = -A 5 . 

If oo G D C Cqo, then ip: D \— > R is bounded as z — > oo so again considering a contour that 
.T encloses all the holes, we obtain the same condition. | 

Lemma (1.4.3) 

If tp: R x S 1 i— > R satisfies the hyperbolic equation d-kdip = 0, where R x S 1 has the standard 
Lorentzian metric, then there exist functions ip±: S 1 i— > R and a constant A G R such that 

^(r, 0) = ^+(0 + r) + - r) + At 

where (r, 0) are coordinates for R x S 1 . 

Proof of Lemma (1.4.3) 
Trivial. ■ 

With these lemmas we return to the proof of Theorem (1.4). 

Suppose ip : M \— > C satisfies equation (1) . Since p a is a conformal mapping f o p a_1 : 
p a (M E ) ^ C satisfies Laplace's equation. Then Re(ip o p a ~ l ), Im(> o p a ~ l ) : p Q (M E ) ^ R 
each satisfy Laplace's equation. Also p a (M E ) is a pathwise connected closed subset of C^. 
First assume that pP(ss) ^ oo for all s$- Choose a 5 = fP(ss). Therefore from lemma 
(1.4.1) there exist analytic functions f\, f2'-p a (M E ) \— > C and constants A^Af G R such 
that we can write (with x G M E and z = p a (x) ) : 

Re(lKs)) = Re(/i(*)) + £ 4 - ^Ml) 
Im(^(x)) = Re(f 2 (z)) Ml* - ^Ml) • 

«5 
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Let 

i^(z) = f 1 (z)+if 2 (z) 
tfL(z) = h(z) - if 2 (z) 
A 5 = A{ + A S 2 . 

Then 

i> | m e (x) = r + W (x) ) + WWW) + H A& log \p a (x) - F (8 S ) I + B a . (22) 

If on the other hand = for some p then we are left with an extra term A a °° log \ z — a@\ 

where z = p*(x). However log \z — a@\ = log |1 — oP j z\ + log \z\ and log(l — oP j z) is analytic 

onp a (M E ). So (22) becomes 

^\mb(x) = (i>%(p a {x)) + A a °° log(p Q (x))) + (ip«(p«(x)) + A* 00 log(jP(x)j) 

+ Yl A s log\p a {x)-F{s 5 )\ + {A a + A aQC )\og\F{x)\+B a 

and Theorem (1.4) is true in the Euclidean region. Furthermore the Lorentzian region on 
one cylinder L Q U M Q is conformal to the cylinder R x S 1 , so proving Theorem (1.4) for 
such a region is equivalent to Lemma (1.4.3) 

Finally we wish to show that the joining conditions (9) and (11), imply the relationship (18). 
Let A L , B L be the A a , B a of equation (17) and A E , A E be the A a , B a of equation (16). If 
t = t s then (9) implies 

^ (0) + i>- (0) + B L = V>+ (pe^) + WWW + B E . (23) 
Also from (11) we have 

(i)+{<t>) + W{<t>) + A L ) d<j> = (peW+'W^) + WWWWW + A E ) d(j> . 
Integrating this gives 

i>% (0) + ip-ifi) + A L <fi = (pe^) + % WWW + A E (f> + C 
and solving these equations we get (18) up to the choice of B. fj 
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Proof of Theorem (1.5) 

By substituting z' = pPp a ~ 1 (z) where z = p a (x) in (16) , the first two of (20) are automati- 
cally satified. 



If M : Coo >-> C oo is a Mobius transformation then for a, b G C 

a-b M-\b)- M- l {a) 

a - M{oo) ~ M-\b) - M-!(oo) ' 



(24) 



Substituting M = p a p^~ x , a = p a {y) , b = p a (x) then M{oo) = f?*(sf) and M'^oo) 
P ( s o°) i n this gives 

P a (y) -p a (x) pP(x) - p f3 (y) 

P a {y)-P a {sf) pP(x)-pP(s%>)' 

Writing y = sg and taking logs gives the relation: 



\og\p a (x)-p a (s 5 )\ = log|/0r) -f(s 5 )\ -log\pP(x) -pP(s™)\ +log ^(sg) - p?(s%> 



This is valid except for the case when sg ^ and sg ^ V5 since then p a (s'^') = oo. For 
this case we first note that 

(M(oo)-b)(M-\b)-M- 1 (oo)) = K (25) 

where K is independent of b. Subtracting (25) with b = p a (x) from (25) with 6 = gives 

iF( 8 f) -p a (x))( P p(x) -/m) =F(8f){pf , ( 8a ) -pPm) 

and hence 

io g |p«(^) - P a (x)\ = -]og\pP(x) -/rai + log iw)i +]og\pP( 8a ) - /mi . 
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Thus 

E A 5 \og\p a (x)-^(s s )\ 

= J2 A s \og\p a (x)-p a (s s )\+A^\og\p a (x)-r(sp 



= £ ^ log |- 2 ^ log 

+ E ^ log l^fo) - ^ W I - ^ log l/(*) - /(O I + ^ ^g \P(8f)\ + 

^°°log|/( SQ )-/(^)|. 
Now i/j and p Q (M E ) satify one or other of the conditions for Lemma (1.4.2) (J2s A s = 0) 



so 



- E A 5 log|/(:r) -/(Ol = (^ Q °° +^°°)log|/(a;) -f(s™ 
E ^log|/(a;)-/( S5 )|- E ^logb^-^rai 
-A^°]og\pP(x) -f(s™)\ = E ^log|/(x) -/( S5 )| 



E A 5 log|p Q (a;) -p°(s 5 )| =E A 5 log|/(x) -f(s s )\ + E ^ log \P*(s s ) - P?(s 

s s¥ zS a ) s d¥ zS ^ > s s¥ :S a ) 

+ log 1^(^)1 + log |/(s Q ) - f(s™)\ . 



OCA 

/3 > 



Finally 

E A 5 log|p a (:r) -p°(s 5 )| +B a = E ^ log |/(x) - /(s 5 )| + 5^ 
and Theorem (1.3) is satified. | 

Observe that in the flat Minkowski regions M a , with $ a (:r) = (r, 0), (17) becomes 
= ^ + ^) + ^ (0 " ^) " + A« \og( Pa ) + 5° 

where 

6 = 6 a = G a (T«)-T«. (26) 

We also note that the global solution is C 1 and piecewise C°°. 
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6. Field Energy and Momentum 

For a field configuration ip and a local vector field X on M we define the forms 

Tx = ixdip A -kdip + dip A ix * dip . (27) 

In Lorentzian regions where X is one of the Killing vectors or these identify energy 
and (angular) momentum density 1-forms [16] . Integrating these over a ring of constant 
r in a Lorentzian region gives an energy and (angular) momentum appropriate to that 
hyper surf ace. 

S a ( T ) = ( 27V ((i o dijj) * dijj + di\){% o * #) ) 

£ Q (r) = / ( (i a #) ★ # + #(i a * #) 
jo V w W 

We may define similar quantities by integrating over a ring of constant r (where it exists) in 
the Euclidean region. Where the metric has axial symmetry, i.e. on E a U £ a UL a U M a , 

L d g = (29) 

where L denotes the Lie derivative. It follows that the momentum C a {r) is a constant in all 
regions where the metric is nondegerate. Furthermore is also a Killing vector in the flat 
Lorentzian regions, M Q , of the manifold: 

L B g = . (30) 
Th- 
in these regions we therefore have two constants of the motion £ La and C La since (28) are 
independent of r. We now compute the forms (28) corresponding to the Lorentzian solutions 
(17): 

i 

£ La (r) = 2 (/ q 2 fy?'(*+G(r)) ^'(*+G(r))+ ^ 

^ Q/ (0-G(r)) ^ Q '(0-G(r)))d0 + ttA q ^ 
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and 

r 2n 



C La = Af typ'tf - G(r)) ^(<j> - G(t)) - ^ a '(0 + G(r)) + G(r)))# . (32) 

J 

Since each integrand is periodic in <p these may be simplified by the substitutions <fi — > 
4>±G(t): 

i 

£ La (r) = 4 (j^yj 2 (Jo* WV>) + ^- Q '(0) ^ Q/ (0))# + vrA a ^ (33) 

C La = 4 (>- Q '(0) V_ Q/ (0) - Vi Q '(0) ^+ a '((f>))d(f) . (34) 

v 

For the solution in the Euclidean region E a : 

i 

£ £tt (r) = -4^) Re(2p 2 J^f(pe^ +G ^) {pe** 3 ^ ^(r))^ + 

(35) 

and 

£ fe = 8p 2 Im ( | Q 27r jj'^W) ^(pe^W) e 2 ^ +G «W) (36) 



where -0" : p a M E i— > C is defined in (19). Since S has holes in it this integral cannot be 
extended to all of S. However these expressions are proportional to the real and imaginary 
parts of an integral of an analytic function: 



i 



C a = 8Re(Jf ) and £ Ea (r) = ( (j^r) ' 8Im(2f ) (37) 



h(r). 



where by substituting z = pe 



icf> 



It = f lzhpeG(T) WW r-\z) z dz + \inA a A« . (38) 

By Cauchy's theorem this integral is invariant under continuous deformations of the contour 
and is therefore independent of r in the region E Q . Thus we may write in this region 



Z? = I $°'( z ) $°'(z) zdz+ ±7iiA a A a 

J\z\=p 
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so 

i 

S Ea ( T ) = -4 (J^j 2 R e (V J** d+'ipj*) $-(pe ict> ) e 2i<t> d<f) + rtA a A^j (39) 

and 

C Ea = 8p 2 Im ^ 1^ V^' (pe^) (pe^) e 2i< ^ . (40) 
By substituting (18) into (40) we get (34) and note that 

Although £ Ea has little immediate physical significance we shall shall refer to it as a pseudo 
energy in the following. 

7. A Conservation Identity 

Given any solution in the asymptotic Lorentzian domain of any cylinder it is now possible to 
use the previous theorem to construct a global solution compatible with our continuity and 
junction conditions. This is the analogue of solving a Cauchy problem for the field on M. One 
can then compute the energy and momentum currents in the asymptotic Lorentzian domain 
of any other cylinder. In general the energy and momentum are not globally conserved. In 
itself this is not surprising since the field ip propagates through gravitational fields in addition 
to being diffracted through Euclidean domains. By axial symmetry the momentum is always 
conserved for a topology with a pair of collinear cylinders. We shall also demonstrate below 
that for topologies containing any number of cylinders, two of which are collinear, solutions, 
monochromatic in one of these collinear cylinders, give rise to momentum conservation. 
No similar statements are possible for the energy. However the canonical expressions for 
the energy and momentum forms are inspired by symmetry considerations that ensure the 
forms constructed with the aid of Killing vector fields are locally closed and hence locally 
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conserved. In the presence of metric degeneracy such arguments break down and it is of 
interest to search for alternative quantities that may be conserved in the global topology 
under consideration. 

Motivated by the pseudo-energy and momentum integrals above define 

ZZ={ i)%'{z)^'(z)z n dz 

where 

: p a (M E ) i-> C 

s c57^ s oP 

are well defined functions. 
Also let 

L" = (-RaS + i J 2 ) e ? - J o + m 1 ? )ef + Zf e? G C 3 
where {ef , , } is a natural orthonormal basis for R 3 . We embed M in R 3 with the axis of 
cylinder a pointing in the direction of ef . The projection of L Q along ef is Xf which agrees 
with definition (38) since 

= / p0(r0) - <fe + + \ j^ (ra) (^'M + -4°*/>'W) <fc 

and the last term is zero because has no term in z^ 1 . The real and imaginary parts of 
If determine the momentum and pseudo-energy by (37). 

We assert: 

Theorem 2 

]TL Q = 0. (41) 
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Proof 

A change of chart a — > f3 induces z — > y = M^ 1 (z) = p /3 p a ~ 1 (z) hence 
If C : R i— > C is any closed curve then 

Let {af^, af*^, af*^} be the Euler angles introduced above so that using (15) 

£M = vm(a M } + sin(a f<«) (_ flie ^ + jl.vT) . 

By a change of basis from {ef , ef , ef} to {ef , , } 

(e? e£ e£) = 

/cos(4 Q/3) ) sin(4 a/3) ) 0\/ 003(4^) sin(4«' 3) )\ /cos(a^) sin(a^ 0* 

(ef ef) sin(4^ cos(4^ 1 cos(a^ 

V l/Vsin(4^ cos^VV 1, 

giving 

4-{e{ e? ef) = (sin(4 a/3) )cos(a^) sin(af^) sin(a^) cos(a^)) 
Now if / : p a (M E ) i— > C is any analytic function then 



a J P 



Ete {Ea) mdz = 0. (42) 



So with f(z) =i) p +\z)i) p _\z)z 



= E J^^^'W ^'(^oos^) +sin(a^) (-flie-^ + afcA*^))<fe 
= £Zf «*(«<*) + sin(a^) {-Rie***7S + J^zj) 
= £lf cos(a^) + sin(af^) cos(a^)(- J R 1 J Q + ^2?) 
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- sin(af^) sin(at%(Ril$ + ^Z?) 
= ^(4^) cos(a^)(L Q • e?) + sm(a { ^) sin(af /3) )(L a • <% ) + cos(af^)(L Q • eg) 

a 

= E(L Q • ef )(ef • ef ) + (L a • )(ef • ef) + (L Q • ef )(ef • eg) 
£L«Veg V/3. 

a / 

If the set {ef } span R 3 then this implies J2 a L Q = . In the case where the {eg } span R 2 or 
R 1 we compare with a topology containing an additional cylinder 7 transverse to the existing 
set. By Cauchy's theorem J 7 = for n = 0, 1, 2 so L 7 = 0. The expression (J2 a L Q ) • eg = 
above becomes (J2a • eg + L 7 • eg = where now {eg } span R 3 . g 

An immediate corollary is that if M has one cylinder only it cannot admit a regular solution 
with non-zero momentum. 

Proof: L Q = hence Jf = and C a = 0. | 

We can also calculate X" in the chart <P a (x) = (r, 0) using the solutions ip± a on the Lorentzian 
region L a U M a restricted to E a : 

- 2#i Q/ (0)^+ a/ (0) - 2^i Q/ (0)^+ Q/ (0) 

+ ^ ((1 - *)^'(0) + (1 + + 

A a ((1 - ijiJfy)) + (1 + i)i%°y>j) + iA a 7^)d<p . 
Thus the sum- rule (41) can be seen to correlate properties of the Lorentzian solutions. 

8. Constraints on the Manifold for the Propagation of Monochromatic Modes 

In the introduction we alluded to the general fact that proving the existence of regular 
solutions to tensor equations on a manifold is a problem in global analysis. In this section 
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we construct a particular global solution corresponding to a monochromatic, positive energy, 
propagating mode in a preferred cylinder. The nature of this construction will clearly indicate 
what topological constraints must be imposed for it to exist on M. A space of solutions of 
this type is relevant to the construction of the Fock spaces that feature in a field quantisation. 
The classical solutions below may be used to construct the Bogoloubov coefficients necessary 
to estimate particle production induced by a degenerate gravitational field. 

Let the cylinder (3 be oriented at an angle a 2 a ® = with the cylinder a. In constructing the 
map between charts adapted to these cylinders we choose the Euler angles {af^, af*^, af*^} 
with af® = and af*^ = 0. The required Mobius transformation is then given by: 

pPjr-\z)= - 2RltaJ1 M + Z . (43) 
1 tan(¥)z 

2R 1 

Introduce the metric constants £ a and £^ by the equations p a = 2R\ tan(£ Q /2), pp = 
2R\ tan(^/2) where p a and p^e are defined by (14). Also the constants e a , e@ follow from 
(26). On (r,0) G <P a (L a U M Q ) define the null coordinates 

75 = 0±G a (r) such that 7^ = ± on M a (44) 

and similarly for (3. For rr G L a U M Q with (r, 0) = $ a (:r) let the solution to the wave 
equation be the left-moving single mode with frequency k G Z + : 

Therefore from (18) , V+ a (7+) = e ifc7 + and ^+ a (7_) = so 

^(7) = |(l + (n(Pae h ) ~ * r-{p«e^)) = 
V> La ( 7 ) = £(1 - i) (K(P^) + * ^-(Pae^)) = . 



(45) 
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Solving these we get 

^(p e <7 ) = Ja-Oe"** 7 . 
Analytically continuing these to the domain p a (M E ) yields 

(46) 

= J(i-i)A&r*. 

Hence there are no log terms for this particular solution. Furthermore since ~ z fc then 
^ P(M E ). In order that this solution be regular we have excised the point z = oo. This 



is equivalent to requiring that a cylinder (3 exist such that V(S^) enclose s 



oc 
a ' 



In order to describe the above solution on any (3 cylinder we must transform it to (U^,<£^) 
coordinates. From (20) we have 

1 \ k 

— tan^u;) + z \ 



Jf a )(l + tan(±c;)z), 

Aan(±£ a )(l + tan(±u;)z) 

^(z)=^opPp (z) = %(l-i)\ /i \ . 

\ — tan^wj + -2 



Thus from (18), with z = , (r, 0) = <£%) 



= i(i+o (iZb^) - < /(p/^ 7 +)) + i(i - o ^+(P/?e i7 -) + < vZc^T) 



-tan(icj) +tan(i^)e i7 ? \ x /tan(±f a )(l + tan(^w) tan(±^)e^ 7 +) ^ 



/3 2 



2 



\tan(±£ Q )(l + tan(±cj)tan(±£ /3 )e i7 +)/ \ - tan(^) + tan(i^)e _i7 + / 

_ tan (i CJ ) +tan (le/3)e i7 - \ ■ / tan(iea)(l + tan(^)tan(i^)e"^) 

1 i i Z 3 2 1 1 • Z 3 

Vtan(^ Q )(l + tan(icu)tan(i^)e* 7 -)/ \ - tan(±cj) + tan(^)e -i7 - / 



(47) 

We have seen that for this solution to exist the topology must contain at least one cylinder 
attached to the cap containing the point s£°. (It is interesting to note that this constraint 
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can be relaxed for standing wave solutions in an asymptotically flat Lorentzian domain.) 
We may use theorem 2 to calculate the momentum associated with the solution on this 
cylinder. Since Jf = -8k 2 ir , = and T% = then L Q = -8A; 2 7ref . Hence jf = 
• = (— L a ) • = 8k 2 7re^ ■ e% = — 8k 2 7v cos(c<j) and the momentum in cylinder (3 is 
CP = 8k 2 7r cos(cj). As C a = —8k 2 n the momentum is conserved for u = n, i.e. collinear 
cylinders. 

The momentum associated with this solution in any cylinder other than these two is zero by 
Cauchy's theorem. 

For collinear cylinders, u = it, the solution becomes, with (r, 0) = ^(x): 



V>l/?uM/?(*) =^-e-*r+ ((tan(Ie a )tan(i^)) fc + (tan(&«)tan(fo))- 



+ *t^e-*^ ((tan(&«) tan(i^)) fc - (tan(J&) tan(I^))- fc ) ■ 



(48) 



J8 



We can only remove the right-moving wave term, e if tan(^ a ) tan(^^) = ±1, i.e. 

£a + £/? = 7r, which means that the i7-rings coincide and there is no Euclidean region. 

The solution tp^P diverges when either u = ^ or u + ^ = n . The first of these implies that 
contains s a and the second implies that p^E^ contains s£°. Since the cylinders have 
non-zero radii these cannot occur. 

The energy of the solution (47) can be computed using (33). For k — 1 one finds: 



'l + COs(w)cOs(^))(l + COs(^ a )) (1 - COs(w) COS^)) (1 - COs(f a ))' 



(49) 



\ | COS(^) + C0S(^)| 3 (1 - COs(£ Q )) I COS(CJ) - C0S(^)| 3 (1 + C0S(£ Q )) 

which is manifestly positive definite. 
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9. Constraints for the Existence of Solutions on a Compact Manifold 

Here we construct regular solutions in the simplest compact manifold with an axially sym- 
metric degenerate metric. It may be visualised as a pair of Euclidean spheres connected by 
a single cylinder. See the bone Figure 5. The metric becomes degenerate on a pair of rings 
in the cylinder and partitions its geometry so that the middle section is Lorentzian. Such a 
manifold may be viewed as a simple model of a signature changing closed cosmology. 

Theorem 3 

The Lorentzian region of M will admit monochromatic standing wave solutions to (1) of 
frequency k G Z if and only if e satisfies the condition: 

cos(A;e) = . (50) 

where e is a real parameter determined by the metric (equation (51) below). 

Proof 

Let M have the S 2 topology above where S 1 , S 2 denote two non-intersecting rings where 
the metric changes signature. Thus M is E 1 U S 1 U L U E 2 U E 2 where E a are the Euclidean 
domains and L is the Lorentzian domain. Let (U a , <& a ) be charts for U a = E a U E a U L 
where 

$ a :U a ^ R 2 

a = 1,2. 

: x ^ (r Q ,0 Q ). 

We note that the r coordinates induce opposite coordinate time orientations on L. The 

differential structure (<Pi) o (<p2) 1 '■ (^2,02) | — ► (ti,0i) is given by the equations: 

n + T2 = to 

01 + 02 = 00 • 

This differential structure is compatible with M being orientable. 
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It is now convenient to write 



G a : T a {<P a {U a )) 



rra 

'■ Ta l ~ > / , n 



h\r') 



dr' 



where {(r Q , Q ) : r Q = r Q (Z^)} = ^> Q (^). For x E U 1 H U 2 

mix) f-f^i 



G\n(x)) + G 2 (T 2 (x)) 



T2{x) 



V 2 (r2) V h(t 2 ) J 



e < 



dti 



(51) 



where t 2 — tq — t\. From theorem (1.2) the solution -01 L m the Lorentzian region is given 



as 



^| L W = ^ 1 (0i+G i (n)) + V- i (0i-G i (n)) = ^f (02+^(t 2 )) + ^(02-^(t 2 )) 



L2/ 



.L2, 



= ^ 2 (0o + e - 0i-G 2 (n)) + ^ L2 (0 O - e - 0i + G 2 (n)) . 
The absence of any log terms is demanded by regularity. 



Since 0i + G 1 (ri) and </>i — G 1 (ti) are independent 



^l(0)=^(0 o - e -0) 



.1/2 



V0. 



The Euclidean solutions in E 1 and E 2 will be constrained to match this Lorentzian solution. 

From theorem 1.3 the Euclidean solutions on E 1 and S 2 satisfy: 
iil(p 2 e i<f> ) = ^i(pie i ^ +e -^)+^i(pie i( ^ - £ -^ ) )+ 



^I(pie^ 0_e_ ^) - i-0i(pie* ( ^ o+e_ ^) 



^ 2 (p 2 e^) = ^i(pie < ^ +£ -^)-^i(pie i ^- £ -^)+ 



(52) 



JVl(pie^ 0_e_ ^) + ^-(pie i(<Ao+e_<A) ) 



It is convenient to write ^/>±(z) as ij)±(z). (Observe ip% are analytic in z.) 
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The analytic continuation of (52) may be written: 

(53) 

We now express the Euclidean solutions as the general Laurent expansions 

^!(*) = E4** iW*) = Ea*** ft^E4^ i£(*) = E s ***- ( 54 ) 

fc<0 £:<0 fc<0 A:<0 

The integers fc < since ^± must be bounded as z — > oo. The functions ip± are not 
required to be bounded as z — > 0, since p a S a C C = C - D where Z? is a disc at the origin. 
Substituting these expansions into (53) yields 

E 4** = - E ^^> e ~^ sin ( fe ) + E 4^r^° cos(A; e ) 

fc<0 fc<0 Pi k<0 z 

B 2 k z k = ]T ~^ k P \z k e~ ik ^ sin(A;e) + £ B\^-e ik ^ cos(ke) . 

k<0 k<0 P2 k<0 Z 

Hence comparing coefficients of z we deduce cos(/ce) = and 

k k 

A\ = -Bl^e-^ sm(ke) and B\ = A%^e- ik *° sin(ke) m 

P2 P2 

For a given e we may now write the solution in the Lorentzian region as 

mi^r\r, 0)) = E Pi (4^ + B\e-*+) (cos(kG\r)) - sin(kG\r))) (55) 

k<0 

where for convergence 

E^M + M)<°° a = 1,2, 

fc<0 

and it is understood that only those modes satisfying (50) are to be included in the sums 
above. We note that (50) admits no (non-constant) solution for e = 0. This is consistent 
with Louiville's theorem. 
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Also for (50) to admit solutions e/n must be rational and 

£ = 5!i±i where nUeZ. 

7T 2k 

Furthermore, given e, if k is a solution to (50) so is (2m + l)k for all m G Z. From the 
corollary to theorem 2 it follows that all solutions for this Manifold have zero momentum, 
C = 0. By direct computation, the energy associated with (55) is: 



where the summation is restricted as above. 
10. Discussion 

We have analysed the massless wave equation on a class of two dimensional manifolds with 
smooth degenerate metrics. We have drawn particular attention to the interplay between the 
topological structure of the manifold and the existence of regular solutions. Such solutions 
are piecewise smooth but globally C 1 . The difference between solutions on compact and 
non-compact manifolds has been stressed and the effects of the topology on the currents 
induced by the Killing symmetries of the metric have been explicitly calculated. We have 
also introduced a sum rule that may be interpreted as a conservation law for a new type of 
momentum in the presence of signature change. 

Topology change in two dimensional field theories is relevant in a number of contemporary 
problems. String field theory interactions proceed by processes in which the classical two 
dimensional world sheet exhibits a change in topology. Indeed Figure 1 may be regarded as 
a non-compact immersion in a spacetime describing the interaction of a set of closed strings. 
In such a description the metric on the world sheet is dynamically induced by an extremal 
immersion. However if the immersion is in a spacetime of Lorentzian signature then the 



l 
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induced metric cannot be non-degenerate. In order to accommodate the change in signature 
of the induced metric it is necessary to confront the problems discussed in this paper. 

The above results pertain to two dimensional manifold with genus zero. However it is 
straightforward in principle to extend these techniques to the case of non-zero genus. One 
may also expect that the general features discussed above will have analogues in higher 
dimension. Such results can then be interpreted as the effects of spacetime topology on the 
propagation of matter in the presence of signature change. [17] [18] [19] [20] [21] [22] [23] 
[24] [25] 

If changes of signature can occur on a Planckian scale then it is imperative to understand 
how to extend standard quantum field theory to such topologically non-trivial backgrounds. 
We have surmised elsewhere [26], [15] that asymptotically flat Lorentzian domains that are 
connected via a Euclidean domain may induce matter interactions that can be interpreted as 
particle creation by analogy with particle creation by localised gravitational curvature. The 
results in this paper are an attempt to provide a rigorous background for the formulation of 
such a field theory of topologically induced particle interactions. 
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Figure 1 . The Manifold. 
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Figure 5. The Bone 



